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NUMERICAL METHOD FOR S O L V l  NG NON-STATIONARY AX1 SYMMETRI C PROBLEMS 
O F  HYDRODYNAMlCS OF AN ICEAL F L U I D  WITH FREE SURFACES 

G .  A. Konstantinov a n d  Y u .  L. Yakomov 
(Moscow) 

ABSTRACT. A method is proposed f o r  t h e  so lu t ion  of problems 
concerning non-stationary axisymmetric po ten t ia l  f l ow  of an 
ideal incompressible f l u i d  w i t h  a f r e e  surface.  The method 
is based on t h e  d i sc re t e  d i s t r ibu t ion  of annular sources on 
boundary sur faces ,  which involves t h e  reduction o f  the pro- 
b l e m  i n  question to  a system o f  ordinary d i f f e r e n t i a l  
equations.  

AA approximation method i s  described f o r  the so lu t ion  of  problems i n  non- /16: - 
s t a t iona ry  axisymmetric po ten t i a l  flow of an idea l  incompressible f l u i d  with 
a f r e e  sur face .  The method is  based on the  d i s c r e t e  d i s t r i b u t i o n  of annular 
sources on boundary sur faces  which permits t he  problem under considerat ion t o  
be reduced t o  a system of  ordinary d i f f e r e n t i a l  equations.  The bas i s  of  t h i s  
numerical method i s  t h e  known r e s u l t ,  i n  agreement with which any harmonic 
function may be  represented as  t he  po ten t i a l  of sources d i s t r i b u t e d  on a flow 
boundary [1,2]. This work contains a numerical so lu t ion  of  the  problem i n  
which the  f r e e  surface w i l l  be  the  surface o f  a gas cavi ty .  

1. The problem is  considered o f  t he  loca t ion  o f  t he  sur face  of a gas cavi ty  
which is  formed at t h e  end of a round pipe protruding from an i n f i n i t e  wall. 
The surface of t h e  cavi ty  is e s s e n t i a l l y  non-stat ionary due t o  the  pressure 
d i f fe rence  i n  t h e  pipe and i n  the  surrounding f l u i d .  The f l u i d  i s  assumed t o  
be i d e a l ,  incompressible and quiescent a t  i n f i n i t y .  It i s  assumed t h a t  t h e  
z axis  coincides with the ax i s  of flow symmetry and with the  d i r ec t ion  of t he  
force of grav i ty ,  and a l s o  t h a t  the  i n f i n i t e  wall  l i e s  i n  the  plane z = 0 .  
The presence of an i n f i n i t e  wall is equivalent  t o  flow symmetry with respec t  
t o  t h i s  plane (Figure 1). 
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The p o t e n t i a l  u o f  t h e  f l u i d  t r ave l ing  speed 
w i l l  be  a funct ion of  cy l ind r i ca l  coordinates r, z 
and t i m e  t, where r is  t h e  d is tance  t o  t h e  a x i s ’ o f  
symmetry. The funct ion u ( r ,  z ,  t) satisfies t h e  
Laplace equation i n  cy1 i n d r i c a l  coordinatgs for t h e  
axisymmetrical case i 

1 -- - - -  
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and with boundary conditions 
arr x=o 

on the  sur face  C o f  the  pipe 

on f r e e  sur face  S.  

point i n f i n i t e l y  removed from the  ax is  of symmetry _and which l i e s  i n  the  plane 
z = 0 ;  v ( t )  i s  t h e  magnitude of t he  displacement ve loc i ty  of  sur face  S ;  g 

Here p ( t )  is  pressure i n  the  cavi ty ;  p, is pressure a t  a 

-~ _-- - -I i s - t h e  value o f  t he  acce lera t ion  o f  grav i ty ;  p i s  f l u i d  densi ty .  

In order  t o  obtain the  d i f f e r e n t i a l  motion equations of t he  f r e e  sur face  /163 - 
we employ t h e  condition of po ten t i a l  f low 

2. The boundary sur faces  S and C with planes p a r a l l e l  t o  t he  plane z = 0 
are l a i d  out  on t h e  r ings  S. ( j  = 0.1 , .  . . ,N) , which cover the  sur faces  S and C.  

J 
From each sur face  S .  t he  circumference of  radius  R . ( Z . )  is  taken, t he  poten- 

t i a l  of  which has l i n e a r  densi ty  Qi. 
3 J J  

The po ten t i a l  u ( r , z , t )  a t  t he  poin t  ( R i ,  
J J 

Z . )  of  t h e  meridian ha l f -p lane  z r  is  sought i n  t h e  form of  t h e  sum of t h e  
3 

po ten t i a l s ,  taken i n ' t h i s  manner, of t he  circumferences with r a d i i  R 

t e d  on r ings  Si 
s i t u a -  i' 

" which is equivalent  t o  an approximation of t he  sur face  p o t e n t i a l  of a simple 
l aye r ,  which i s  t h e  so lu t ion  of  equation (1.1) , and the  f i n a l  sum according t o  
the  rec tangle  .method. Here 

{[r? -t RC - 2rXi cos CI + ( z  - Xi)?]-'!2 +- si  (r,  z ,  t )  I R j ,  Z j = 'SE 0 

I- 

--- 
.. 
-- 

~ _, __ . 
: i n  which equation ( 2 . 3 )  w i l l  be an approximation of  t he  value of  t he  p o t e n t i a l  
;of r i n g  S. with uni ty  densi ty .  

manner: r i n g  S i ,  by means of cen t r a l  angle 8 < ai < 

This approximation is  made i n  t h e  following 
3 - .  

2n (Figure 2) is divided 
J J 

- ,  - i n t o  two p a r t s ,  and the  p o t e n t i a l  o f  t h a t  p a r t  of  t he  r i n g  which is  based on 
angle cz is  replaced by the  p o t e n t i a l  of t he  c i r c l e  with radius  p with 

- j - -  - . -  . -  - . -  - _ _ _ _ _ _  _ . j  
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center  a t  point  (R Z . ) ,  tangent t o  the  sur face  S a t  t h i s  po in t ;  the  poten- 

t i a l  of t h e  remaining p a r t  of  the  r ing  i s  replaced by the po ten t i a l  of  the 
a r c  o f  t h e  circumference with radius  R ,  with cent ra l  angle 2-rr - a which is  

located on the  r ing .  o f  the c i r c l e  i s  determined from require-  

ments so t h a t  i t s  area will be 2n/a times l e s s  than the area 0 of the  r ing ,  

from which 

j '  J j 

J j' 
The radius  p 

j 

j j 

Equation (2.3) is obtained by a l imi t ing  process from the  equation f o r  
t he  p o t e n t i a l  o f  the  system o f  the  c i r c l e  and the  a r c  o f  t he  circumference 
chosen i n  t h i s  manner during the  approach of a r b i t r a r y  poin t  ( r , z )  t o  po in t  
(R.  ,Z.) , which is located on the  surface S 

j '  J J  
Keeping i n  mind t h a t  an exact so lu t ion  f o r  r ing  

po ten t i a l  does not depend on angle a 

troduced only i n  order  t o  obtain an approximate solu-  
t i o n ,  we s h a l l  requi re  t h a t  the  der iva t ive  with respec t  
t o  a. from equation (2.3) equal 0 .  This leads t o  the  

3 
equation 

which i s  in -  
j' 

Figure 2.  which has a s i n g l e  root  0 < a < 2n, i f  the  following 
r e l a t ionsh ip  i s  f u l f i l l e d  j 

(2 5) ~j < h R j 2  . 
Thus under conditions (2 .3)  t h e  angle a i s  uniquely determined from 

equation (2 .4)  as a funct ion of  coordinates R and Z In introducing t h e  

following designations: 

j 
j j' 

~ 

gi  = QaRi, = rz + R,' -b ( z  - Za)2, ai*? F r? + Ra2 4- ( z  -k Zi)2 ~- 
-. 

i ,--. 

r- 
',I ( w e  have 
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and 

Simi la r ly  f o r  the  der iva t ives  o f  po ten t i a l  u ( r , z , t )  we obtained the  f o l -  
lowing equations according t o  the  space var iab les  r and z :  

h' aRi I 
(2 7) 

- - 2, Q' -- 
3 ar ~ i t .  7 

i = O  3' 'j 

(i = 0, 1, .... 3') 

where 

Mere 8. is  the  angle between t h e  z axis and t h e  tangent a t  the  poin t  
J 

, (R. ,Z.)  t o  t h e  meridian sec t ion  of  t h e  surface S and C ,  located i n  the  sec- 
- J  J 
t i o n a l  plane.  

_ _  
.-- The fu l f i l lmen t  of t he  boundary condi t ion (1.2) on the  sur face  C is 

.','; equivalent t o  t h e  fu l f i l lmen t  of condition 

N -. 
r--- 

I - z q i ( s r i j c r j +  szijczi)=o ( j = ~ f + t , . . . , N )  ( 2 . 9 )  
i=O ,- - 

-:-' *-- 

-in poin ts  ( R . , Z . ) y  where c = cos ( n , r ) ,  c = cos (n,z) a re  d i r ec t ion  co- 
J J  rj z j  

rij' sines of t he  ex terna l  normal t o  the  sur face  C a t  t h e  point  (R.,Z.); s 
J J  

a r e  values of the  funct ions as./ar, as i / az  a t  the same poin t .  Designating 
-4 I - 'zi j 1 

j t he  function u ( r , z , t )  a t  the  point  (R.,Z.) by u . ( t ) ,  we have 
J J  J _. 
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N 
1 l j  ( I )  zz - 2, q i  ( 1 )  'ij ( I )  (;- 0, I ,  . . ., a r )  

c 

i=O 
(2. l o )  

The valu.es q i ( t )  ( i  = 0,1,  . e , N )  a r e  determined from conditions (2.9), 
(2 . l o ) .  

Considering the  po ten t i a l  f low condition ( 1 . 4 ) ,  the  boundary condition 
(1 .3 )  as wel l  as (2.10), and passing t o  dimensionless values 

(2.11) 

L is a c h a r a c t e r i s t i c  l i n e a r  dimension. 

I t  is  assumed t h a t  f o r  j = M + 2,  ..., N r i n g  sources on t h e  sur face  C are .- 

, d i s t r ibu ted  a r b i t r a r i l y  provided t h a t  condition (2.9) is f u l f i l l e d .  In  t h i s  
,work t he  values for quan t i t i e s  Q.(.), <.(T) f o r  a case where the  sur face  C i s  

J J .  
-:: a pipe with length 2 # 0, a r e  ca lcu la ted  from the  r e l a t ionsh ip  

I ?-.- 

I-... 
! ..I.. 

r-- 
I- 
, termination of sur face  S(.), and therefore  a l s o  of p o t e n t i a l  +(n ,c,T). 

In tegra t ion  of the  system (2.11) permits us t o  make an approximate de- 
-1 
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3 .  'fie system (2.11) of  ordinary d i f f e r e n t i a l  equations was in tegra ted  by 
the numerical Runge-Kutta method on an Fl-20 EWl [ e l ec t ron ic  computer] with 
constant i n t e rva l  h with respect  t o  dimensionless time T, where it  was as- 
sumed t h a t  $.  (0) = 0 ( j  = 0, 1,. . . ,M) and g = 0 .  The i n i t i a l  values o f  the  

f r e e  sur face  coordinates were es tab l i shed  on a pipe shear  plane z = 2. A case 
was examined f o r  i n e r t i a l  expansion of a cavi ty  under the ififluence of an 
i n i t i a l  surplus  pressure momentum, where 

J 

Here h = 0.1,  Ap(0) = l.0Z=104, M = 8, N = 17,  c = 0,  cn j  = 1 ( j =  r j  -- - - .  

= M + 1,. . . ,N) ,  
t i v e l y ) .  
t he  change i n  cavi ty  sur face  during the  process o f  i n e r t i a l  expansion. 

= 2R (Z,R a r e  the  length and radius  of the  p ipe ,  respec- 
Based on numerical ca lcu la t ions  Figure 3 shows a representa t ion  o f  

In  order  t o  compare t h e  numerical so lu t ion  V obtained with known exact  so lu t ions ,  a problem 
I was examined concerning the  expansion of a spher i -  

. c a l  gas cavi ty  i n  an unbounded f l u i d .  Cases were 
examined involving cavi ty  expansion with constant 
surplus  pressure,  i n e r t i a l  expansion, and harmonic 
v ibra t ions  of the  cavi ty  with an ad iaba t i c  pres-  r 

, I I 14  1 I 4 I sure  change l a w ,  In  a l l  of these cases t h e  maximum 
D 2 4 4. r e l a t i v e  e r r o r  i n  the  ca lcu la t ion  of f r e e  sur face  

2 

coordinates where M = N = 6 ,  h - > 0.02 d id  no t  
h F i g u r e  3.  exceed 3%. 
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